The design of grating-based instruments to handle and condition coherent ultrafast pulses in the extreme-ultraviolet is discussed. The main application of such instruments is the monochromatization of high-order laser harmonics and free-electron-laser pulses in the femtosecond time scale. Broad-band monochromators require the use of diffraction gratings at grazing incidence. A grating can be used for the spectral selection of ultrashort pulses without altering the pulse duration in a significant way, provided that the number of illuminated grooves is equal to the resolution. We discuss here the design conditions to be fulfilled by a grating monochromator that does not increase the pulse duration significantly longer than the Fourier limit.
Introduction
The developments in laser technology over the last decades have led to the generation of optical pulses as short as a few femtoseconds, providing a unique tool for high-resolution time-domain spectroscopy that has revolutionized many areas of science [1, 2] . While femtosecond optical lasers have offered unique insights into ultrafast dynamics, they are limited by the fact that the structural arrangement and motion of nuclei are not directly accessible from measured optical properties. This scientific gap has been filled by the availability of ultrafast pulsed sources in the extreme-ultraviolet (XUV) and soft X-rays, such as high-order laser harmonics (HHs) and free-electron-lasers (FELs), that make it possible to apply time-resolved spectroscopic techniques in the X-rays [2] . HHs are typically generated when very intense ultrashort laser pulses are focused on a gas jet/cell. They are used worldwide as table-top laboratory sources for the investigation of matter with femtosecond [3] and attosecond resolution [4] [5] [6] [7] . FEL running user facilities generate spatially coherent UV/X-ray radiation with characteristics similar to the light from optical lasers, ultrashort time duration and an increase of 6-8 orders of magnitude on the peak brilliance with respect to third-generation synchrotrons [8] [9] [10] [11] .
The HH spectrum is generally described as a sequence of peaks corresponding to the odd harmonics of the fundamental laser frequency with an intensity distribution characterized by a plateau whose extension is related to the wavelength and intensity of the driving laser. Since multiple orders of high harmonics are generated coaxially with the fundamental laser pulses, the application to time-resolved spectroscopy often requires a suitable monochromatizing system to select a single harmonic and reject the adjacent orders and the laser radiation. Furthermore, monochromatization may be important for imaging applications where high spectral purity is required [12, 13] . Some of the existing FEL beamlines have grating monochromators either to increase the spectral purity of the source or to select the harmonics of the FEL emission and filter out the fundamental [14] [15] [16] . Also, zone plates may be used for the monochromatization of ultrashort pulses, especially for high energies. Zone-plates monochromators are used in femtoslicing facilities with residual pulse elongation of a few tens of femtoseconds [17] [18] [19] .
The simplest way to obtain the spectral selection of ultrashort pulses is the use of a multilayer mirror which does not alter the temporal duration of the pulse up to fractions of femtosecond, is very efficient and can be used at normal incidence for tight focusing [20, 21] . However, multilayer optics have two main drawbacks: the reflectivity curve is rather broad, therefore they cannot be used for high resolution, and they are not tunable, therefore different multilayer mirrors have to be adopted to operate the monochromator in a broad band [22] .
Grating monochromators give tunability in a broad band and high spectral resolution. The monochromator has to ideally preserve the temporal duration as short as in the generation process. However, a grating introduces a tilt of the pulse-front because of diffraction, since each ray that is diffracted by two adjacent grooves is delayed by mλ, where m is the diffraction order and λ the wavelength. The total tilt of the pulse-front, i.e., the difference in the optical paths of the diffracted beam from the source to the image, is |m|λN, where N is the number of the illuminated groves. For example, a 200 gr/mm grating illuminated by radiation at 30 nm over a surface of 10 mm gives a tilt of 200 × 10 × 0.03 = 60 µm, i.e., 200 fs.
There are two options in designing a monochromator for ultrafast pulses, namely the single-grating design [23] or the double-grating configuration [24] . In the first case, adopting a single-grating design, a residual pulse-front tilt has to be accepted at the output of the monochromator. In the second case, the design consists of a pair of gratings to compensate for the pulse-front tilt. The first grating is demanded to perform the spectral selection on an intermediate slit, and the second grating compensates for the pulse-front tilt of the monochromatic diffracted beam, giving an output pulse with ideally no tilt. Double-grating monochromators have demonstrated a temporal resolution higher than 10 fs [25] [26] [27] [28] . The choice between the two configurations has to be performed as a trade-off between efficiency and simplicity, that are maximized in the single-grating design, and temporal resolution, that is maximized in the double-grating design.
Let us concentrate on the single-grating configuration to identify the condition to have the minimum pulse-front tilt from a diffraction grating. For a given bandwidth ∆λ, the pulse duration ∆τ has a lower limit given by the Fourier relation. For a Gaussian profile with no modulation of either phase or frequency, the Fourier limit is expressed by the relation
where ∆τ is the half-height pulse duration, λ is the central wavelength, ∆λ is the half-height spectral width and c is the speed of light in vacuum. The pulse-front tilt depends on the number of grooves involved in the diffraction process. Once the required resolution R = λ/∆λ at the output of the monochromator has been defined, the Rayleigh criterion states that the minimum number of grooves N min that have to be involved in the diffraction to support such a resolution is |m|N min = λ/∆λ. The corresponding half-width variation of the optical paths at the grating output is ∆OP min ∼ = 1 2 |m|λN min = 1 2 λ 2 /∆λ. It follows that the diffraction from a grating gives a lower limit for the tilt of the pulse-front that is
This value is close to the Fourier limit given by Equation (1) . Therefore, the single-grating design can be adopted for the monochromatization of ultrashort pulses without altering the pulse duration beyond the Fourier limit in a significant way, provided that the number of illuminated grooves times the diffracted order is equal to the actual resolution.
In this paper, we discuss the design of single-grating monochromators applied to ultrafast pulses in the XUV and soft X-rays. The general design conditions to fulfill the requirements on spectral resolution and minimum pulse-front tilt will be defined. As a test case, the design will be applied to the monochromatization of HHs generated in a typical laboratory setup to identify advantages and drawbacks of the configuration.
Single-Grating Monochromators for Ultrashort Pulses
Single-grating monochromators for ultrafast pulses aim to perform the spectral selection in the simplest configuration, using a grating as the dispersive element and tolerating a residual pulse-front tilt at the output.
Grazing-incidence diffraction gratings may be used in two different geometries: the classical-diffraction mount (CDM) and the off-plane mount (OPM). The CDM is shown in Figure 1a . The grating equation is sin α − sin β = mλσ, where α is the incidence angle, β is the diffraction angle and σ is the groove density. The OPM differs from the CDM in that the incident and diffracted wave vectors are almost parallel to the grating grooves, as shown in Figure 1b . The grating equation is sin γ (sin µ + sin ν) = mλσ, where γ is the altitude angle, i.e., the angle between the direction of the incoming rays and the direction of the grooves; µ and ν are the azimuth angles of the incidence and diffracted rays, defined to be zero if they lie in the plane perpendicular to the grating surface and parallel to the grooves. The OPM gives higher throughput than the CDM, since it has been theoretically demonstrated and experimentally measured that the OPM peak diffraction efficiency is close to the reflectivity of the coating at the altitude angle [29, 30] . Both geometries have still been applied to the realization of ultrafast monochromators for HHs in the XUV [31] [32] [33] [34] . In this paper, we discuss the design of single-grating monochromators applied to ultrafast pulses in the XUV and soft X-rays. The general design conditions to fulfill the requirements on spectral resolution and minimum pulse-front tilt will be defined. As a test case, the design will be applied to the monochromatization of HHs generated in a typical laboratory setup to identify advantages and drawbacks of the configuration.
Grazing-incidence diffraction gratings may be used in two different geometries: the classical-diffraction mount (CDM) and the off-plane mount (OPM). The CDM is shown in Figure 1a . The grating equation is sinα − sinβ = mλσ, where α is the incidence angle, β is the diffraction angle and σ is the groove density. The OPM differs from the CDM in that the incident and diffracted wave vectors are almost parallel to the grating grooves, as shown in Figure 1b . The grating equation is sin γ (sinµ + sinν) = mλσ, where γ is the altitude angle, i.e., the angle between the direction of the incoming rays and the direction of the grooves; µ and ν are the azimuth angles of the incidence and diffracted rays, defined to be zero if they lie in the plane perpendicular to the grating surface and parallel to the grooves. The OPM gives higher throughput than the CDM, since it has been theoretically demonstrated and experimentally measured that the OPM peak diffraction efficiency is close to the reflectivity of the coating at the altitude angle [29, 30] . Both geometries have still been applied to the realization of ultrafast monochromators for HHs in the XUV [31] [32] [33] [34] . Since the gratings in the OPM monochromators are operated in parallel light, we will compare the two configurations with plane gratings. The optical schematics are shown in Figure 2 . The first mirror M1 acts as the collimator, the second mirror M2 acts as the condenser. The magnification factor is the ratio between the output arm q of M2, i.e., the distance between the mirror center and the exit slit, and the input arm p of M1, i.e., the distance between the entrance slit and the mirror center. The wavelength scanning is performed by rotating the grating around an axis tangent to its vertex and parallel to the grooves.
In the case of CDM, the scanning is done at a constant subtended angle and the grating is rotated following the relation
where K is the subtended angle:
In the case of OPM, the altitude angle γ is kept constant, the grating is operated in the condition µ = ν and the azimuth µ is varied following the relation Since the gratings in the OPM monochromators are operated in parallel light, we will compare the two configurations with plane gratings. The optical schematics are shown in Figure 2 . The first mirror M 1 acts as the collimator, the second mirror M 2 acts as the condenser. The magnification factor is the ratio between the output arm q of M 2 , i.e., the distance between the mirror center and the exit slit, and the input arm p of M 1 , i.e., the distance between the entrance slit and the mirror center. The wavelength scanning is performed by rotating the grating around an axis tangent to its vertex and parallel to the grooves.
where K is the subtended angle: 
Pulse-Preserving Monochromators
In the following, we will discuss the geometrical issues to design a monochromator for ultrafast pulses with negligible pulse front-tilt for the two geometries, that means R = λ/∆λ = |m|N. The resolution at the output of the monochromator depends on the spectral dispersion and on the width of the slits. Let us suppose that the width of the exit slit, WOUT, is equal to the width of the input source, S, as imaged at the output of the monochromator. This is the minimum width that has to be kept to guarantee the complete transmission of the diffracted beam. In the case of a slit monochromator-the schematics are shown in Figure 2 -S is the width of the input slit. In the case of a slitless monochromator-the instrument normally used for HHs-S is the full size of the source.
In the CDM geometry, the input source S is imaged at the output as WOUT = S cos α/cos β q/p, where cos α/cos β is the grating anamorphism and q/p is the geometric magnification. The resulting output bandwidth is
The number of illuminated grooves is N = 2Dpσ/cos α, where D is the half-width beam divergence at the input. The condition λ/∆λ = |m|N to have the minimum pulse-front tilt is expressed by 2 DS   (6) that is very close to the relation for a diffraction-limited source: θS = 2λπ −1 for a Gaussian beam. It can be shown that the same condition applies also to CDM designs with concave gratings, where p and q are respectively the grating entrance and exit arms.
The OPM, when applied to ultrafast pulses, is generally used in the geometry µ ≤ 20°, i.e., cos µ ≈ 1 [35] . In this case, the input source is imaged at the output as WOUT = S q/p. The resulting output bandwidth is
The number of illuminated grooves is N = 2Dpσ. The condition to have the minimum pulse-front tilt is again expressed by Equation (6). In the case of OPM, the altitude angle γ is kept constant, the grating is operated in the condition µ = ν and the azimuth µ is varied following the relation
In the following, we will discuss the geometrical issues to design a monochromator for ultrafast pulses with negligible pulse front-tilt for the two geometries, that means R = λ/∆λ = |m|N. The resolution at the output of the monochromator depends on the spectral dispersion and on the width of the slits. Let us suppose that the width of the exit slit, W OUT , is equal to the width of the input source, S, as imaged at the output of the monochromator. This is the minimum width that has to be kept to guarantee the complete transmission of the diffracted beam. In the case of a slit monochromator-the schematics are shown in Figure 2 -S is the width of the input slit. In the case of a slitless monochromator-the instrument normally used for HHs-S is the full size of the source.
In the CDM geometry, the input source S is imaged at the output as W OUT = S cos α/cos β q/p, where cos α/cos β is the grating anamorphism and q/p is the geometric magnification. The resulting output bandwidth is
The number of illuminated grooves is N = 2Dpσ/cos α, where D is the half-width beam divergence at the input. The condition λ/∆λ = |m|N to have the minimum pulse-front tilt is expressed by
that is very close to the relation for a diffraction-limited source: θS = 2λπ −1 for a Gaussian beam. It can be shown that the same condition applies also to CDM designs with concave gratings, where p and q are respectively the grating entrance and exit arms. The OPM, when applied to ultrafast pulses, is generally used in the geometry µ ≤ 20 • , i.e., cos µ ≈ 1 [35] . In this case, the input source is imaged at the output as W OUT = S q/p. The resulting output bandwidth is
The number of illuminated grooves is N = 2Dpσ. The condition to have the minimum pulse-front tilt is again expressed by Equation (6) .
If can be concluded that the minimum pulse front-tilt that is given by a single-grating monochromator is reached when the source is diffraction-limited and the instrument is designed to give the required resolution on an exit slit that is as wide as the projection of the input source after diffraction. If these conditions are verified, the monochromator is defined to be pulse-preserving, since the pulse-front tilt is comparable to the Fourier limit calculated for the output bandwidth.
In order to illustrate the design procedure, we discuss as a test case the design of a XUV time-preserving monochromator using the CDM geometry for the 20-40 eV region with a target energy bandwidth of 50 meV at 30 eV. The input beam is supposed to be Gaussian with S = 100 µm and half-width divergence calculated as D = 2λS −1 π −1 .
The groove density is assumed to be σ = 600 gr/mm, that is a standard value for commercially available gratings. The grating is operated at the first external order, i.e., β > α, and the subtended angle is K = 152 • . The entrance arm is calculated through Equation (5) as p = 700 mm to give the required resolution at 30 eV. The exit arm does not influence the resolution, as soon as the width of the exit slit is chosen according to W OUT = S cos α/cos β q/p. Note that the slit width has to be varied with the wavelength, since incidence and diffraction angles are changing. The parameters of the CDM grating are summarized in Table 1 . The exit arm has been assumed to be equal to the entrance arm in order to minimize the residual optical aberrations. The resulting performances are shown in Figure 3 . The output bandwidth is increasing with the energy, as can be verified through Equation (5) . The pulse-front tilt is reduced when the energy is increased, since the beam divergence is decreasing and less grooves are illuminated, and also since the wavelength is decreasing. The pulse-front tilt is slightly higher but comparable to the Fourier limit, the difference being lower at the higher energies.
It can be shown that the operation of the grating at internal order, that is, β < α, gives very similar results in terms of variation of bandwidth and pulse-front tilt with the energy. Let us apply the OPM geometry to the design of a monochromator with the same requirements. The groove density is assumed to be σ = 1200 gr/mm. The grating is operated at an altitude of γ = 6 • . The entrance arm is calculated through Equation (7) as p = 1200 mm. The exit arm does not influence the resolution, as soon as the width of the exit slit is chosen according to W OUT = S q/p. The parameters of the OPM grating are summarized in Table 1 . Also in this case, the exit arm has been assumed to be equal to the entrance arm in order to minimize the residual optical aberrations. The resulting performances are shown in Figure 4 and are very similar to the CDM geometry. Also in this case, the output bandwidth is increasing with the energy and the pulse-front tilt is reduced when the energy is increased. Again, the pulse-front tilt is comparable to the Fourier limit, although higher, the difference being lower at the higher energies. 
Single-Grating Monochromators for HHs
In real applications, a trade-off has to be accepted between high energy resolution and high temporal resolution when single-grating designs are adopted, giving a pulse-front tilt that is definitely beyond the Fourier limit. Here, we discuss the optical design of a grating monochromator for HHs. Monochromators and spectrometers for HHs are typically operated without an entrance slit [36] , with the HH source itself being very small in extension. The HH divergence in the plateau region depends on the generation geometry [37] [38] [39] [40] [41] and is typically in the few-mrad range.
Here, we assume to deal with the 14-45 eV region, that is the region normally covered by HHs generated in argon, with an average energy bandwidth of 100 meV. This is a typical requirement for pump-probe experiments on solid-state samples. We will design a monochromator using the OPM geometry. The performances, in terms of temporal response, can be increased if the grating is used in a narrower band, e.g., 25-40 eV, and a second grating with lower groove density is added to scan energies lower than 30 eV.
It can be concluded that for a single-grating monochromator, the pulse-front tilt given by the diffraction is not negligible, although it may be close to the Fourier limit for diffraction-limited sources.
Here, we assume to deal with the 14-45 eV region, that is the region normally covered by HHs generated in argon, with an average energy bandwidth of 100 meV. This is a typical requirement for pump-probe experiments on solid-state samples. We will design a monochromator using the OPM geometry.
The design of the monochromator starts from the width of the exit slit to be used to obtain the required resolution, that is here assumed to be 100-µm wide. Then, the grating groove density and the output arm are consequently chosen. In the setup discussed here, the whole energy region is covered by two gratings with an output arm of 1200 mm: (1) 300 gr/mm for the 15-25 eV interval; (2) 900 gr/mm for the 25-45 eV interval. The energy bandwidth is shown in Figure 5a . The design of the monochromator starts from the width of the exit slit to be used to obtain the required resolution, that is here assumed to be 100-µ m wide. Then, the grating groove density and the output arm are consequently chosen. In the setup discussed here, the whole energy region is covered by two gratings with an output arm of 1200 mm: (1) 300 gr/mm for the 15-25 eV interval; (2) 900 gr/mm for the 25-45 eV interval. The energy bandwidth is shown in Figure 5a . The pulse-front tilt depends on the grating parameters, on the source divergence and on the length of the input arm. Here, we assume a full-width-at-half-maximum (FWHM) divergence of 2 mrad, that is a typical value for HHs generated in argon with few-mJ-energy laser pulses. Once the grating and the source divergence have been given, the only parameter that can be used to control the pulse-front tilt is the length of the input arm: the shorter the length, the lower the tilt. However, there is a limit in shortening the length, since the resulting source magnification, i.e., q/p, has to be lower than the width of the exit slit, otherwise the resolution is decreased. For HHs generated with few-mJ-energy laser pulses as available in many laboratories, the laser spot size in the focus is of the order of 150 µ m (calculated assuming 10 14 W/cm 2 peak intensity, 30 fs pulse duration and 2 mJ pulse energy), therefore the XUV source size, assumed to be slightly smaller than this value, is expected in the range ≈100 µ m. Using a 100-µ m slit, the design magnification is unity, that is, p = 1200 mm. The resulting pulse-front tilt is shown in Figure 5b . It is in the 120-350 fs interval, definitely higher than the 18-fs Fourier limit for 100 meV. A way to reduce the tilt is to limit the beam aperture in the direction perpendicular to the grooves, in order to reduce the number of grooves involved in the diffraction. The corresponding reduction of the tilt is linear with the accepted aperture. In the case here discussed, a tilt below 100 fs is obtained if the accepted aperture is reduced by a factor 3, that is, The pulse-front tilt depends on the grating parameters, on the source divergence and on the length of the input arm. Here, we assume a full-width-at-half-maximum (FWHM) divergence of 2 mrad, that is a typical value for HHs generated in argon with few-mJ-energy laser pulses. Once the grating and the source divergence have been given, the only parameter that can be used to control the pulse-front tilt is the length of the input arm: the shorter the length, the lower the tilt. However, there is a limit in shortening the length, since the resulting source magnification, i.e., q/p, has to be lower than the width of the exit slit, otherwise the resolution is decreased. For HHs generated with few-mJ-energy laser pulses as available in many laboratories, the laser spot size in the focus is of the order of 150 µm (calculated assuming 10 14 W/cm 2 peak intensity, 30 fs pulse duration and 2 mJ pulse energy), therefore the XUV source size, assumed to be slightly smaller than this value, is expected in the range ≈100 µm. Using a 100-µm slit, the design magnification is unity, that is, p = 1200 mm. The resulting pulse-front tilt is shown in Figure 5b . It is in the 120-350 fs interval, definitely higher than the 18-fs Fourier limit for 100 meV. A way to reduce the tilt is to limit the beam aperture in the direction perpendicular to the grooves, in order to reduce the number of grooves involved in the diffraction. The corresponding reduction of the tilt is linear with the accepted aperture. In the case here discussed, a tilt below 100 fs is obtained if the accepted aperture is reduced by a factor 3, that is, 0.7 mrad FWHM. This is also plotted in Figure 5b . Obviously, when the aperture is closed, the photon flux is also reduced by the same factor.
The monochromator parameters are finally summarized in Table 2 . This typical case illustrates the trade-off that has to be accepted among energy resolution, temporal resolution and photon flux when designing monochromatic beamlines for HHs in the XUV, in order to optimally fit the experimental requirements. Obviously, the configuration with two gratings corrects for the residual pulse-front tilt, but with a more complex design.
Single-Grating Monochromators for FELs
The same design considerations apply to monochromators for FEL facilities. Monochromatic beamlines using the single-grating design for the X-ray region are still in operation at FELs, as is the case for the soft x-ray materials science (SXR) instrument at the Linac Coherent Light Source (LCLS) FEL-facility [42] . The beamline is operated at energies higher than 500 eV, i.e., λ < 2.5 nm, with a source divergence of 16 µrad FWHM, giving a resolution of ≈5000 from 500 to 1000 eV and lower for higher energies. The optical design uses the varied-line spacing (VLS) grating monochromator. The pulse-front tilt is of the order of a few tens of femtoseconds (estimated to be 30 fs at 800 eV), that is definitely within the requirements to be less than 100 fs.
When dealing with FEL sources in the XUV or soft X-rays, the pulse-front tilts that are obtained from gratings for medium resolution (R ≈ 1000-3000) are of the order of several hundreds of femtoseconds or even few picoseconds, since the number of illuminated grooves is definitely larger than R, with the divergence being much larger than for X-rays. If the VLS design is adopted for a monochromator for the upcoming FLASH II facility in the 40-200 eV range, it has been shown that a grating for an average resolution of 2000 gives a pulse-front tilt from 0.2 to ≈2 ps, that is reduced to less than 10 fs for the double-grating design [43] .
Also in the case of monochromatic beamlines for FEL sources, a trade-off that has to be found between energy resolution and temporal resolution to optimally fit the experimental requirements. While in the X-rays the single-grating design applied to FELs has been demonstrated to give medium-to-high resolution with pulse-front tilts usable for ultrafast experiments, this is not trivial at all in the XUV, where the double-grating configuration should be considered.
Conclusions
The time response of single-grating monochromators has been analyzed, in particular regarding its application to ultrashort femtosecond pulses in the extreme-ultraviolet and soft X-rays, such as radiation from high-order laser harmonics or free-electron lasers. It has been shown that time-preserving monochromators can be realized in a single-grating configuration if the number of illuminated grooves is the minimum for a given resolution, so that the pulse-front tilt is close to the Fourier limit for such a resolution. Some design cases have been discussed to illustrate the trade-off that has to be found among energy resolution, temporal resolution and photon flux in order to optimally fit the experimental requirements.
